Abstract. We determine which 3-manifolds admit a unitary representation such that the corresponding twisted chain complex is acyclic.
Introduction
Let N be a 3-manifold. Here and throughout the paper we assume that all 3-manifolds are compact, connected and orientable. We say that a representation α : π 1 (N) → GL(k, C) makes N acyclic if the twisted homology groups H k (N; C k α ) all vanish.
It is clear that S 3 does not admit a representation that makes it acyclic since the 0-th homology will always be non-trivial On the other hand, any lens space L(p, q) can be made acyclic using any non-trivial one-dimensional representation. This fact played a major rôle in Reidemeister's classification of lens spaces [Re35] using torsion invariants. If N is a finite volume hyperbolic 3-manifold, then it follows from Raghunathan's vanishing theorem [Ra65] and from work of Menal-Ferrer and Porti [MFP14, Section 2] that there exists a lift π 1 (N) → SL(2, C) of the holonomy representation that makes N acyclic. We refer to Section 3 for more details.
In this paper we give a complete answer to the question: which 3-manifolds can be made acyclic using unitary representations? Before we state our main result we recall that the Prime Decomposition Theorem of Mi62] says that any 3-manifold admits a unique decomposition N ∼ = N 1 # . . . #N k as a connected sum of prime 3-manifolds N 1 , . . . , N k .
Using recent results of Agol [Ag08, Ag13] , Liu [Liu13] , Przytycki-Wise [PW14, PW12] , Wise [Wi09, Wi12a, Wi12b] and also of the second author [Na14] we will prove the following theorem. Theorem 1.1. Given a 3-manifold N = S 3 the following statements are equivalent: (1) N can be made acyclic using a unitary representation, (2) N is closed or has toroidal boundary and N has at most one prime summand that is not a rational homology sphere.
The theorem says in particular that a finite volume hyperbolic 3-manifold admits a unitary representation that makes it acyclic. In fact, we will see in the proof of Theorem 1.1 that the unitary representation can be chosen such that it factors Date: December 16, 2014. through a finite group. This representation is thus quite different from a lift of the holonomy representation.
The paper is organized as follows. In Section 2 we recall the definition of twisted homology and cohomology and we recall several of the key properties of twisted invariants. In Section 3 we show that the results of Raghunatha [Ra65] and MenalFerrer and Porti [MFP14, Section 2] imply that hyperbolic 3-manifolds can be made acyclic using a lift of the holonomy representation. In Section 4.1 we show the (1) ⇒ (2) implication of the main theorem, and we show the reverse implication in Section 4.2.
Conventions. Throughout this paper all 3-manifolds are understood to be compact, connected and orientable. Furthermore all groups are understood to be finitely generated. Also, all topological spaces are assumed to be path connected and locally path connected. In particular, this ensures that the universal cover is always defined.
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2. Twisted homology and cohomology groups 2.1. Unitary representations. Let R be a commutative ring. An R-representation (or short representation) for a group π is a finite-dimensional R-module V together with a homomorphism α : π → Aut R (V ). Equivalently, an R-representation is a (Z[π], R)-bimodule. Sometimes, when we want to specify the action of π on V we denote the (Z[π], R)-bimodule by V α .
We say that a complex representation α : π → Aut C (V ) is unitary if V admits a positive-definite hermitian inner product with respect to which π acts via isometries. By Sylvester's theorem all positive-definite hermitian inner products on C n are isometric. It thus follows that given any n-dimensional unitary representation α : π → Aut C (V ) there exists an isomorphism f :
Conversely, a homomorphism α : π → U(n) evidently gives rise to a unitary representation in the above sense.
Let π be a group and let We have the following elementary lemma:
Lemma 2.1. Let π be a group, let π ′ ⊂ π be a finite-index subgroup and let
Then the following statements hold:
The lemma is well-known. Therefore we just give a quick sketch of the argument.
Proof. We write d = [π : π ′ ] and we pick coset representatives g 1 , . . . , g d of π/π ′ . Furthermore we pick a basis v 1 , . . . , v n for the complex vector space V ′ . (1) It is straightforward to see that g i ⊗ v j , i ∈ {1, . . . , d} and j ∈ {1, . . . , n} is a basis for the complex vector space
If , denotes a positive-definite hermitian inner product on V ′ that is preserved by π ′ , then it is straightforward to verify that
is a positive-definite hermitian inner product on V that is preserved by the π-action.
2.2.
The definition of twisted homology and cohomology groups. Let X be a topological space and let Y ⊂ X be a subset. We write π = π 1 (X). Let R be a commutative ring and let α : π → Aut R (V ) be an R-representation. We denote the universal covering of X by p :X → X and we writeỸ := p −1 (Y ). There exists a canonical left π-action on the universal coverX given by deck transformations and we can therefore consider the complex
of R-modules and the twisted cohomology modules
We can also view the cellular chain complex C * (X,Ỹ ; Z) as a right Z[π]-module by defining σ · g := g −1 σ for a chain σ and an element g ∈ π. We then consider the chain complex
V of R-modules and the twisted homology modules
As usual we will drop Y from the notation when Y = ∅.
2.3.
Basic results about twisted homology and cohomology groups. Throughout this section K denotes a field. Given a finite CW-complex X and a representation α : π 1 (X) → Aut K (V ) we write
We start out with the following well-known lemma.
Lemma 2.2. Let X be a finite CW-complex X and let α :
Proof. We have
The following lemma follows easily from the definitions.
Lemma 2.3. Let X be a topological space and let α : π 1 (X) → Aut C (V ) be a trivial complex representation. Then for any i we have an isomorphism
The next lemma says in particular that the zeroth and first twisted homology groups only depend on the fundamental group and the representation. The proof of the lemma is also standard, and left to the reader.
Lemma 2.4. Let X be a finite CW-complex. There exists a 2-connected map f : X → K(π 1 (X), 1) to the Eilenberg-Maclane space which induces the identity on fundamental groups. Given a representation α :
The right-hand side depends only on the fundamental group of X and the representation α.
Given a topological space X, a representation α : π 1 (X) → Aut K (V ) and a connected subspace Y of X a choice of a path connecting the base points induces a representation π 1 (Y ) → π 1 (X) → Aut K (V ) that we denote again by α. Furthermore the inclusion map Y → X induces for every i a map
We refer to [FKm06, Section 2.1] for details. This map depends on the choice of a path connecting the base points. This indeterminacy can make a big difference in some circumstances, see [FKm06, Section 3], but it will not affect us. We will therefore suppress this issue from our discussions and from our notation.
We continue with the following well-known lemma, see [HS97, Section VI.3] for details.
Lemma 2.5. Let X be a finite CW-complex and let α :
Furthermore, if Y is a connected subcomplex of X, then the inclusion maps induce a commutative diagram
We will also need the following lemma.
Lemma 2.6. Let X be a topological space and let
Proof. The long exact sequence of the lemma is the long exact sequence in homology corresponding to the short exact sequence
The following lemma is sometimes referred to as the Eckmann-Shapiro lemma.
Lemma 2.7. Let p : X ′ → X be a connected finite covering of a topological space. Let
representation. Then for any i there is an isomorphism
Proof. We denote by X the universal cover of X which is of course also the universal cover of X ′ . The canonical isomorphism
then descends to the desired isomorphism of twisted homology groups.
SL(2, C)-Representations which make a manifold acyclic
In this section we will see, as claimed in the introduction, that it follows from the results of Raghunathan [Ra65] and Menal-Ferrer and Porti [MFP14, Section 2] that any finite-volume hyperbolic 3-manifold admits an SL(2, C)-representation that makes it acyclic. This result is not needed for the proof of Theorem 1.1. We only provide the argument for completeness' sake.
First we recall the following theorem of Raghunathan [Ra65] and Menal-Ferrer and Porti [MFP12, MFP14] . Before we give a proof of Proposition 4.1, we recall the following well-known lemma.
Proof. It is a consequence of Poincaré duality and the universal coefficient theorem that χ(M, ∂M) = −χ(M). It follows from the definitions that χ(M) = χ(M, ∂M) + χ(∂M). Combining these two equalities gives the desired statement. Now we turn to the proof of Proposition 4.1.
Proof of Proposition 4.1. Let N be a 3-manifold that has a boundary component that is not a torus. Let α : π 1 (N) → Aut C (V ) be a representation. We first consider the case that N has no boundary component of negative Euler characteristic. This implies that all boundary components of N are tori and spheres, and by assumption N has at least one boundary component that is a sphere. Thus it follows that χ(∂N) > 0, which by Lemma 4.3 implies that χ(N) > 0. This in turn implies by Lemma 2.2 that χ( N , α) > 0. In particular we see that α does not make N acyclic.
We now turn to the case that N has at least one boundary component of negative Euler characteristic. We denote by N the 3-manifold that is given by capping off all spherical boundary components of N with a 3-ball. The inclusion N → N induces an isomorphism of fundamental groups and we equip N with the representation π 1 ( N )
By assumption the manifold N, and thus also N, has a boundary component of negative Euler characteristic. Since N has no boundary component of positive Euler characteristic it follows that χ(∂ N ) < 0. As above this implies that χ( N, α) < 0. Since N has non-trivial boundary, it is homotopy equivalent to a 2-complex. This implies that H i ( N; V ) = 0 for i ≥ 3. It thus follows from χ( N , α) < 0 that dim H 1 ( N ; V ) > 0. By the above this implies that also dim H 1 (N; V ) > 0. 
Furthermore it follows from Lemma 2.4 that for i = 0, 1 we have isomorphisms
By Lemma 2.3 we have H 1 (S 2 ; V ) = 0 and H 0 (S 2 ; V ) ∼ = V . It follows from (1) and (2) that H 1 (N; V ) = H 1 (N ′ ; V ) = 0 and that at least one of H 0 (N; V ) and H 0 (N ′ ; V ) has dimension at least 1 2 dim V . Without loss of generality we can assume that dim H 0 (N; V ) ≥ 1 2 dim V . We will show that N is in fact a rational homology sphere.
We write
. . , g n ∈ π 1 (N) and v 1 , . . . , v n ∈ V .
We continue with the following claim:
We first note that for any h, g ∈ π 1 (N) and v ∈ V we have
This implies that W is indeed a (π 1 (N), C)-submodule of V . Since π 1 (N) acts isometrically on V it is also straightforward to see that W ⊥ is a (π 1 (N), C)-submodule of V . It remains to show that the π 1 (N)-action on W ⊥ is trivial. To show this, let w ∈ W ⊥ and g ∈ π 1 (N). We then have
Since , is positive-definite it follows that α(g)(w) − w = 0, i.e. α(g)(w) = w.
Finally the third statement of the claim is obvious. This concludes the proof of the claim. It follows from Lemma 2.6, from H 1 (N; V ) = 0 and from V /W ∼ = W ⊥ that there exists an exact sequence
Since π 1 (N) acts trivially on W ⊥ it follows from Lemma 2.3 that
By Lemma 2.5 we have H 0 (N; V ) ∼ = V /W ∼ = W ⊥ , in particular the map on the right in the exact sequence (3) is an isomorphism. Hence the map on the left of (3) also needs to be an isomorphism. We conclude that
On the other hand we also have the following inequality 1
Together with dim W + dim W ⊥ = dim V we also get the inequality
Putting these three inequalities together we see that
This implies that
We first consider the case that b 1 (N) = 0. As we mentioned above, we know that N is either closed or has toroidal boundary. An elementary Poincaré duality and Euler characteristic argument shows that b 1 (N) = 0 implies that b 2 (N) = 0 and that N is closed. Put differently, N is indeed a rational homology sphere. Now we consider the case that dim H 0 (N; W ) = dim W . In that case it follows from Lemma 2.5 that π 1 (N) acts trivially on W . But we already showed that π 1 (N) also acts trivially on W ⊥ . Since π 1 (N) → Aut(W ⊕ W ⊥ ) = Aut(V ) is unitary it follows that the representation π 1 (N) → Aut(V ) is trivial. But it then follows from (1) that b 1 (N) = 0. As we have seen above, this implies that N is a rational homology sphere.
Proof of the main theorem:
(2) ⇒ (1). In this section we will prove the implication (2) ⇒ (1) of Theorem 1.1. In fact we will prove the following slightly stronger statement:
Theorem 4.4. Let N = S 3 be a 3-manifold that is closed or has toroidal boundary such that N has at most one prime summand that is not a rational homology sphere. Then N can be made acyclic using a unitary representation that factors through a finite group.
The proof of Theorem 4.4 will require the remainder of this section and it will be broken up into several special cases. In most of these special cases we will make use of the following lemma.
Lemma 4.5. Let N be a 3-manifold which admits a finite cover that can be made acyclic using a unitary representation that factors through a finite group. Then N can also be made acyclic using a unitary representation that factors through a finite group.
Proof. Let p : N ′ → N be a finite cover and let α ′ : π 1 (N ′ ) → Aut C (V ′ ) be a unitary representation that factors through a finite group that makes N ′ acyclic. We denote by α :
′ ) the induced representation. It follows from Lemmas 2.1 and 2.7 that α has the desired properties.
We now start out with the most important special case in the proof of Theorem 4.4.
Proposition 4.6. Let N be an irreducible 3-manifold with empty or toroidal boundary that is not a closed graph manifold. Then there exists a unitary representation that factors through a finite group that makes N acyclic.
In the proof of Proposition 4.6 we will need the following elementary lemma.
Proof. It follows from the definitions and standard arguments that for any z ∈ C\{0} there exists an exact sequence
The middle map is equivalent to the map A(z) : C n → C n . In particular, if det(A(z)) = 0, then the middle map is an isomorphism, hence the two outer modules have to vanish.
We are now in a position to prove Proposition 4.6.
Proof of Proposition 4.6. Let N be an irreducible 3-manifold with empty or toroidal boundary that is not a closed graph manifold. It follows from the work of Agol We denote by φ the homomorphism p * : π 1 (M) → Z = π 1 (S 1 ) induced by the projection. Note that φ also gives rise to a ring homomorphism
which we again denote by φ. Since π 1 (M) → t is surjective and since it corresponds to a surface bundle it follows from standard arguments (see e.g. [FKm06] ) that there exist non-zero polynomials p 1 (t), . . . , p r (t) ∈ C[t ±1 ] such that
otherwise.
Now let z = 1 be a root of unity that is not a zero of any of the polynomials p 1 (t), . . . , p r (t). Such a z exists since all the polynomials are non-zero. We denote by ρ : π 1 (M) → GL(1, C) the character that is given by g → z φ(g) . We henceforth view C as a (Z[π 1 (M)], C)-bimodule via ρ. Furthermore, we view C as a C[t ±1 ]-module where the action is induced by t i → z i . Note that as a C[t ±1 ]-module we can describe C also as C[t ±1 ]/(z − t). In light of Lemma 4.5 it suffices to prove the following claim.
Claim. For any i we have
First we note that there exists a canonical isomorphism
] is a PID the universal coefficient theorem applied to the
] and the C[t ±1 ]-module C ρ gives us a short exact sequence
It follows from our choice of z and from Lemma 4.7 that the two outer modules are zero. This implies that the middle module is zero as well. This concludes the proof of the claim and thus also of the proposition.
In the previous proposition we used the virtual fibering theorem to show that many 3-manifolds can be made acyclic. In general this approach will not work for closed graph manifolds. For example, it is well-known that non-trivial S 1 -bundles over surfaces are not virtually fibered. Furthermore, by [LW93, p. 86] and [Ne96, Theorem D] there exist many graph manifolds with a non-trivial JSJ-decomposition, that are not virtually fibered. Therefore for these manifolds we need different arguments to show that they can be made acyclic. Proof. Let N = S 3 be a spherical 3-manifold. We abbreviate π 1 (N) with π. Since N is spherical there exists a faithful representation α : π → SO(4) ⊂ U(4) such that π acts freely on R 4 . It follows that given any non-trivial g ∈ π the matrix α(g) does not have 1 as an eigenvalue. Since π is non-trivial there exists a non-trivial element in π, and it follows from Lemma 2.5 that H 0 (N; C Proof. Let N be a 3-manifold that is a closed non-spherical Seifert fibered manifold. We write π = π 1 (N). We start out with the following claim.
Claim. The manifold N is covered by an S 1 -bundle N over an orientable surface such that the S 1 -fiber defines a non-trivial element in H 1 ( N; Z).
We first note that if M is a 3-manifold that is an S 1 -bundle over an orientable surface F of genus g with Euler number e, then it follows from the discussion in [AFW13, Section 8.2] (which builds in turn on [Sc83, p. 435]) that
where t corresponds to the fiber of the S 1 -bundle. In particular, the S 1 -fiber generates a subgroup of H 1 (M; Z) that is isomorphic to Z/eZ.
We now turn to the proof of the claim. By [AFW13, Lemma 8.8] there exists a finite cover N ′ of N that is an S 1 -bundle over a surface F ′ of genus g. After possibly going to a double cover we can and will assume that F ′ is orientable. As above we denote by e ′ the Euler number of the S 1 -bundle. If e ′ = ±1, then we are done by the above. Now suppose that e ′ = ±1. Since N is not spherical it follows that π 1 (N) is infinite, in particular the surface F ′ is not a sphere. Therefore there exists a nontrivial epimorphism π 1 (F ′ ) → Z 2 . We denote by F ′ → F ′ the corresponding 2-fold cover and we denote by N ′ → N ′ the 2-fold cover corresponding to the epimorphism
It follows from [Sc83, Lemma 3.5] that N ′ is an S 1 -bundle over F ′ with Euler number 2e ′ . It thus follows from the above discussion that we are done. This concludes the proof of the claim.
The claim together with Equation (5.a) in [Tu02, Section VII.5.1] implies that N admits a finite cover that can be made acyclic using a unitary 1-dimensional representation that factors through a finite group. The proposition follows from Lemma 4.5. Proof. Let N be a closed graph manifold that is not a Seifert fibered manifold. If N is finitely covered by a torus-bundle, then the argument in the proof of Proposition 4.6 shows that N can be made acyclic using a unitary representation that factors through a finite group. Now suppose that N is not finitely covered by a torus-bundle. It follows from [Na14, Proposition 2.9] and [Na14, Proposition 4.18] (applied to the zero cohomology class) that there exists a finite covering p : N ′ → N and a one-dimensional unitary representation α ′ : π 1 (N ′ ) → U(1) that factors through a finite group that makes N ′ acyclic. The proposition, once again, follows from Lemma 4.5.
Proposition 4.11. Let N = S 3 be a 3-manifold that is closed or has toroidal boundary and with at most one prime summand that is not a rational homology sphere. Then there exists a unitary representation that factors through a finite group that makes N acyclic.
Proof. Let N be a 3-manifold that is closed or has toroidal boundary and which has at most one prime summand that is not a rational homology sphere. A straightforward Mayer-Vietoris theorem shows that the connected sum of two rational homology spheres is again a rational homology sphere. It follows from the Prime Decomposition Theorem that N can be written as a connected sum N ∼ = N 1 #N 2 where N 1 = S 3 is prime and N 2 is a rational homology sphere. For i = 1, 2 we pick an open 3-ball D i ⊂ N i and we pick an orientation reversing diffeomorphism f : ∂D 1 → ∂D 2 . We then identify N with (N 1 \ D 1 ) ∪ ∂D 1 =∂D 2 (N 2 \ D 2 ).
By the previous propositions there exists a unitary representation α : π 1 (N 1 ) → Aut C (V ) that makes N 1 acyclic and that factors through a finite group. We equip N = N 1 #N 2 with the representation that is given by
We denote by g : N 2 \ D 2 → D 1 the map that is given by collapsing the complement of a neighborhood of ∂D 2 to a point and that induces the map f on ∂D 2 . This map g, together with the identity on N 1 \ D 1 also induces a map g : N → N 1 . These maps give us the following commutative diagram of Mayer-Vietoris sequences:
Since N 2 \ D 2 and D 1 are both rational homology ball we see that the maps H i (N 2 \ D 2 ; C) → H i (D 1 ; C) on ordinary C-homology are isomorphisms. But the coefficient system is trivial in both cases, so it follows from Lemma 2.3 that the maps H i (N 2 \ D 2 ; V ) → H i (D 1 ; V ) are also isomorphisms. We deduce from the five-lemma that the maps H i (N; V ) → H i (N 1 ; V ) are isomorphisms. Since the latter twisted homology groups vanish, so do the former.
It is clear that all the propositions above put together give a proof of Theorem 4.4.
